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Nonparametric Identification of Wiener Systems
Wlodzimierz Greblicki
Abstract— A Wiener system, i.e., a system in which a linear dynamic part is followed by a nonlinear and memoryless
one, is identified. No parametric restriction is imposed on
the functional form of the nonlinear characteristic of the
memoryless subsystem and a nonparametric algorithm recovering the characteristic from input-output observations
of the whole system is proposed. Its consistency is shown
and the rate of convergence is given. An idea for identification of the impulse response of the linear subsystem is
proposed. Results of numerical simulation are presented.
Keywords— System identification, Wiener system, nonparametric estimation, nonparametric regression, kernel regression estimation

I. Introduction

W

HEREAS theory of identification of linear dynamic
systems has been already elaborated to the state
of great integrity, see e.g. Norton [27], Liung [24] or
Söderstöm and Stoica [30], theory of identification of nonlinear dynamic systems is not yet satisfactory. The problem
of proper descriptions of nonlinear systems is still under
discussion, see e.g. Sandberg [29]. In the field of nonlinear system identification, there is an obvious need for new
ideas, methods, and algorithms.
One of the most promising approaches is based on the
assumption that the identified system consists of relatively
simple subsystems, and that the structure of the system
is known. Signals interconnecting the subsystems are usually not accessible to measurement. As a consequence, the
subsystems are defined on the basis of both observed inputoutput signals of the whole system and the a priori information about the system. In the literature, this approach
is called block oriented. In passing, we want to mention
that one can also identify the structure of the system, see
Haber and Unbenhauen [20]. In this paper, however, the
structure of the system under investigation is fixed and
known.
The idea of block oriented identification is present in the
literature in as early papers as those of Narendra and Gallman [26], Gardiner [13], Gallman [12], Webb [32], Brilinger
[10], Billings and Fakhouri [4], and recently, in Hunter and
Korenberg [21], as well as Korenberg and Hunter [23]. A
methodical analysis of systems examined by this approach
has been presented in Billings and Fakhouri [4]-[9], as well
as in Bendat [2]; see also Billings [3].
Block oriented identification focuses attention mainly on
two types of systems, i.e., the Hammerstein and Wiener
ones. In the first, a nonlinear memoryless subsystem is followed by a linear dynamic one while the latter consists of
the same subsystems connected in the reverse order. So
far, much more attention has been paid in the literature to
the Hammerstein system, see e.g., Narendra and Gallman
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[26], Gallman [12], Billings and Fakhouri [7], Hwang and
Shyu [22]. While a number of identification algorithms have
been proposed to identify its linear part, recovering the
nonlinearity has appeared to be much more difficult problem. All the authors previously mentioned have assumed
that the nonlinear characteristic is a polynomial of finite
and known order. Since they estimate only a finite number of unknown parameters, i.e., polynomial coefficients,
their inference problems are parametric. The accuracy of a
description of a real characteristic with a finite-order polynomial has been left as an open question.
In a series of papers, Greblicki and Pawlak [15]-[19], as
well as Greblicki [14], have made a step toward real situations by not imposing any parametric restriction on the
functional form of the unknown characteristic. Their poor
a priori information is closer to that encountered in real
situations, when the knowledge about the system before
experiment is so small that the family of all possible characteristics cannot be parameterized. They have proposed
to apply nonparametric statistical methods.
In the paper, we employ the nonparametric approach in
order to identify the nonlinearity in Wiener systems. We
make no parametric-type restriction concerning its polynomial form; we do not assume that it is, e.g., a polynomial.
In consequence, our problem is nonparametric since the
family of all possible characteristics is so wide that cannot
be represented in a parametric form. We observe the inverse of the characteristic can be expressed as a regression
function and, making use of some ideas developed earlier in
the statistical literature on nonparametric regression estimation, we present an algorithm for recovering the inverse.
We show its pointwise consistency and derive the rate of
convergence. Given the estimate, we easily get an estimate
of the true characteristic. We also present an idea for identification of the linear subsystem, i.e., for recovering its
impulse response. Results of numerical simulation are also
presented.
The Wiener structure is interesting not only for a theoretical challenge but also for the fact that it is often encountered in various areas such as biology, see den Brinken
[11] for a study of visual systems, industry, see Bars et. al.
[1] for a description of a distillation plant with the help of
the Wiener model, psychology, sociology, and other fields,
see Korenberg and Hunter [2] and Hunter and Korenberg
[2] for example.
II. Identification Problem
The Wiener system has a cascade structure consisting
of two subsystems (see Fig. 1). The first is linear and dynamic, while the other is nonlinear and memoryless. In the
paper, the system is driven by a zero-mean stationary random process {Un ; n = · · · , 1, 0, 1, . . .}, where the random
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In this section, we present an algorithm recovering m−1 ,
i.e., the inverse of the unknown characteristic. Given the
estimate of m−1 , we easily define an estimate of m.
The idea of the algorithm proposed in the paper is based
on the observation that m−1 can be represented as a regression function. In order to introduce our algorithm, we
define the following regression:
Fig. 1. Identified Wiener system.

µ(y) = E [Un |Yn+1 = y ] .
variables Un ’s are normally distributed. The behavior of
the first subsystem is governed by the state space equations

Xn+1 = AXn + bUn
.
(1)
Wn = cT Xn
In this equation as well as in the whole paper, T denotes
the transposition.
The matrix A and the vectors b and c are unknown.
Nevertheless, the system is asymptotically stable by assumption. Xn and Wn are the state vector random variable and the random variable at the output of the first
subsystem, respectively. Clearly, the random processes
{Xn ; n = · · · , 1, 0, 1, . . .} and {Wn ; n = · · · , 1, 0, 1, . . .}
are stationary and Gaussian. The disturbance {Zn ; n =
· · · , 1, 0, 1, . . .} is zero-mean stationary white random noise
independent of the input signal. The noise is additive, i.e.,
Vn = Wn + Zn ,

(2)

where the random variable Vn is the input of the second
subsystem.
The second subsystem is memoryless, nonlinear. Its
characteristic is denoted by m, which means that
Yn = m(Vn ),

(3)

where Yn is the output random variable of the whole system. The m is a Borel measurable function defined on the
real line R. We assume that m is unknown, and should be
recovered from input-output observations of the system,
i.e., from pairs (Ui , Yi+1 ), i = 1, 2, · · · , n.
Denote by D, D ⊆ R, the image of R under the mapping
m. Obviously, all values of Yn ’s lie in D. Assuming that m
is a one-to-one mapping, we can define m−1 in the following
way:

the inverse of m at y, for y ∈ D,
−1
m (y) =
0,
otherwise.
In the remainder of the paper, m−1 will be called the inverse of m.
The characteristic m is assumed to satisfy the Lipschitz
condition of the pth order, p > 0, i.e.,
p

|m(v1 ) − m(v2 )| ≤ α |m(v1 ) − m(v2 )| ,

(4)

some α > 0, all v1 and v2 . Because we want Yn to have
a probability density, we assume that m is differentiable.
The density is denoted by f .
One easily observe that the restrictions imposed on m are
satisfied by any strictly monotonous Borel function with a
bounded derivative.

(5)

Owing to (3), µ(y) = E[Un Vn+1 = m−1 (y) ]. From this,
(1), and (2), it follows that


cT bµ(y) = E cT bUn cT AXn + Zn+1 + cT bUn = m−1 (y) .
Clearly, cT bUn has the normal distribution with zero-mean
and variance (cT b)2 σu2 , where σu2 is the variance of Un .
In turn, cT AXn + Zn+1 is also Gaussian with zero-mean
and variance cT AΣAT c + σz2 , where Σ = cov(Xn , Xn ), and
where σz2 is the variance of Zn . From this, the fact that
cT bUn and cT AXn + Zn+1 are independent, and Lemma
1 in Appendix, it follows that the conditional density of
cT bUn , given cT AXn + Zn+1 + cT bUn = d, is also normal with mean [(cT b)2 (σu2 /σv2 )]d, where σv2 = (cT b)2 σu2 +
cT AΣAT c + σz2 is the variance of Vn . Therefore
µ(y) = λm−1 (y),

(6)

where λ = (cT b)2 σu2 /σv2 . Hence
µ−1 (v) = m(v/λ).

(7)

In Section III, we present an estimate µn (y) of µ(y).
This way, owing to (6), we are able to estimate m−1 (y) up
to some unknown multiplying constant λ. We then show
that the estimate µn (y) of λm−1 (y) is consistent. By (7),
we can use µ+
n (y), a pseudoinverse of µn , as an estimate
of m(v/λ). We use a pseudoinverse since µn may not be
invertible, despite the fact that µ has the inverse.
The fact that we are not able to determine λ nor to
estimate it is a simple consequence of the cascade structure of the system. Having input-output observations of
the whole system, it is impossible to distinguish a Wiener
system with an impulse response {k(i)} and a nonlinear
characteristic m(v) from a Wiener system with an impulse
response {λk(i)} and a nonlinearity m(v/λ). This property
holds for any identification algorithm using our a priori information and measurement data.
III. Nonlinear Subsystem Identification
We now introduce an algorithm for recovering the unknown characteristic of the nonlinear part of the Wiener
system. Using (5), we suggest to estimate µ(y) by the nonparametric kernel regression estimate


n
X
y − Yi+1
Ui K
h(n)
i=1
µn (y) = n

 ,
X
y − Yi+1
K
h(n)
i=1

(8)
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where K is a kernel function and {h(n)} a sequence of
positive numbers. Both the kernel and the sequence are
selected by the user.
The motivation for the algorithm can be easily explained
by employing the rectangular kernel. For this kernel,


 ,
X
X
µn (y) = (1/2nh(n)
Ui  (1/2nh(n)
1 ,
i∈Iy

i∈Iy

where Iy = {i : |y − Yi+1 | ≤ h(n)}. The numerator and
denominator clearly estimate
Z y+h(n)
Z y+h(n)
f (η)dη,
µ(η)f (η)dη and

3

estimating regression function from independent pairs of
observations. Our problem is more difficult since our pairs
(Ui , Yi+1 )’s are dependent because the Wiener system is
dynamic.
In the paper, we use the following notation:kxk = x(1) +
· · · + x(d) , where d is the dimension of a vector x, and x(i)
its ith coordinate. By kP k we denote the appropriate norm
of a matrix P . We write ”almost every” for ”almost every
with respect to the Lebesgue measure”. For a sequence
{Xn ; n = 1, 2, · · · } of random variables, Xn = O(an) in
probability means that (γn /an )Xn → 0 as n → ∞ in probability for every sequence {γn } convergent to zero.
IV. Convergence of the Algorithm

y−h(n)

y−h(n)

respectively. Under some regularity conditions, these quantities converge to µ(y)f (y) and f (y) as h(n) tends to zero,
respectively. In view of this, one can expect the estimate
to converge to µ(y) in the process of identification.
We assume that K is a nonnegative Borel measurable
function such that
sup |K(y)| = k < ∞,

(9)

y∈R

In this section, we prove that our algorithm converges to
the inverse of the unknown characteristic and examine the
rate of convergence. We show how the rate is affected by
the number sequence and the kernel. Next, we find h(h)
that optimizes the rate. Finally, we show how to estimate
the true characteristic.
Theorem 1: Let the nonnegative Borel kernel measurable
kernel satisfy (9)-(12). For the number sequence, let (13)
and (14) hold. Then, for the Wiener system,
µn (y) → λm−1 (y), as n → ∞ in probability

Z
K(y)dy = 1,

(10)

and
K(y)y

1+ε

→ 0 as |y| → ∞

(11)

for some ε > 0. In (10), as well as in the remainder of the
paper, all integrals are taken on the entire real line.
Restrictions (9)-(10) are typical in nonparametric regression. Since our observations are dependent, we assume additionally that the kernel is Lipschitz, i.e., that
|K(y1 ) − K(y2 )| ≤ γ |y1 − y2 | ,

(12)

some γ > 0, all y1 , and y2 . This assumption plays an important role in the proof of our Lemma 4 in the Appendix.
The sequence h(n) satisfies the following restrictions:
h(n) → 0 as n → ∞,

(13)

nh2 (n) → ∞ as n → ∞.

(14)

There are many functions that can be used as kernels, a
few of which are
1 − |y| , for |y| ≤ 1,
a) K(y) =
0,
otherwise,

(3/4)(1 − y)2 , for |y| ≤ 1,
b) K(y) =
0,
otherwise,
c) K(y) = (1/2π)1/2 exp(−y 2 /2),
d) K(y) = (1/2) exp(− |y|),
e) K(y) = (1/π)(1/(1 + y 2 )).
An example of h(n) is given by h(n) = cn−ρ , where
c > 0, and 0 < ρ < 1/2.
The kernel nonparametric regression has been introduced
independently by Nadaraya [25] and Watson [31] and examined by a number of authors. We refer the reader to
Rao [28] for an extensive list of papers on nonparametric regression estimation. We also remark that the statistical literature previously mentioned deals mainly with

at almost every y ∈ R at which f (y) > 0, i.e., at almost
every y ∈ R belonging to support of f .
Proof: The estimate can be rewritten in the following
form:
µn (y) = gn (y)/fn (y),
(15)
where

n

1 X
gn (y) =
Ui K
nh(n) i=1
and

n

1 X
fn (y) =
K
nh(n) i=1





y − Yi+1
h(n)

y − Yi+1
h(n)




.

We have



1
y − Y1
Egn (y) =
E E[U0 |Y1 ]K
h(n)
h(n)


Z
1
y−η
=
µ(η)f (η)K
dη.
h(n)
h(n)
R
By virtue of (13), the fact that µ(η)f (η)dη = λEVn < ∞,
and Lemma 2 in the Appendix, this quantity converges to
g(y) = µ(y)/f (y) at almost every point y ∈ R. In turn,
var(gn (y))



1
y − Y1
=
var U0 K
nh2 (n)
h(n)
n−1

X
1
(n − i)
2
2
n h (n) i=1





y − Y1
y − Yi+1
, U0 K
.
· cov Ui K
h(n)
h(n)

+

(16)
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Using (9), we see that the first term in this expression
does not exceed (1/nh2 (n))k 2 EU02 = c1 /nh2 (n), where c1
is clearly independent of both n and h(n).
The second term in (16) requires more attention. Observing that |K(y1 /h) − K(y2 /h)| ≤ (γ/h) |y1 − y2 |, h > 0,
and then applying Lemma 4, we find the absolute value
of the covariance under the sum in (16) not greater than
p
(1/h(n)) Ai ωh(n) (y), where ωh (y)(1/h)E[ψ(Y1 )K((y −
Y1 )/h)], and where ψ is some nonnegative function such
that E[ψ(Y1 )] exists. Moreover, ψ is independent of both
i and h(n). Thus, with the help of Lemma 2, the second
term in (16) can be bounded in absolute value by
(1/n2 h2 (n))ω(y)

n−1
X

(n − i) Ai

p

i=1
2

≤ (1/nh (n))c2 (y),

(17)

P∞
p
where ω(y) = sup0<h<∞ ωh (y) and c2 (y) = i=1 Ai .
Since all eigenvalues of A are inside the unit circle, the
sum in the definition of c2 (y) is finite. Obviously, c2 (y) is
finite at almost every y ∈ R, and independent of both n,
as well as h(n).
In this way we have shown that
var((gn (y)) ≤ c3 (y)/nh2 (n),

(18)

where c3 (y) is finite at almost every y ∈ R, and independent of both n and h(n). Therefore, we have shown that
gn (y) → g(y) as n → ∞ at almost every y ∈ R.
Applying similar arguments, one can verify Efn (y) →
f (y) as n → ∞ and var(f (y)) ≤ c4 (y)/nh2 (n), where c4 (y)
is finite at almost every y ∈ R and independent of both n
and h(n). Recalling (15), we complete the proof.
We shall now examine the rate of convergence of the algorithm and show how to select h(n) to obtain
R the optimal
valueRof the rate. Taking a kernel for which yK(y)dy = 0
and y 2 K(y)dy < ∞, which is the case with examples
a)-d) but not e), and expanding both µ(y − h(n)η) and
f (y − h(n)η) in a Taylor series, we get
Z
Egn (y) − g(y) = (g(η) − g(y − h(n)η))K(η)dη
Z
= (h2 (n)/2)g(y) y 2 K(y)dy
+ o(h2 (n)),
where g(y) = µ(y)f (y). We have assumed that all derivatives in this expression exist. Therefore,
(Egn (y) − g(y))2 ≤ c5 (y)h4 (n) + o(h4 (n)),
where c5 is independent of both n and h(n). This together
with (1) yields,
E(gn (y) − g(y))2
≤ c5 (y)h4 (n) + c3 (y)/nh2 (n) + o(h4 (n)).
Clearly, the sum of the two most significant terms on the
right-hand side of the previous expression is minimized for
h(n) = cn−ρ ,

(19)

where ρ = 1/6, and where c can be easily expressed in
terms of c3 and c4 . For this number sequence,
E(gn (y) − g(y))2
≤ (c4 c5 (y) + c−2 c3 (y))n−2/3 + o(n2/3 )
= O(n−2/3 ).

(20)

This rate holds also for h(n) selected according to (19) with
ρ = 1/6 and any c > 0.
For similar reasons,
E(fn (y) − f (y))2 = O(n−2/3 )

(21)

for the same number sequence.
From (20), (21) and Lemma 3 in the Appendix, we finally
obtain
µn (y) − µ(y) = O(n−1/3 ) in probability,

(22)

for almost every y ∈ R at which f (y) > 0. Equation (22)
means that the estimate converges to µ(y) in probability
at the rate equal O(n−1/3 ), i.e., not slower than n−1/3 ,
provided that h(n) = cn−1/6 , any c > 0.
Repeating the previous arguments, one can easily observe that for {h(n)} selected according to (19), any ρ > 0
and any c > 0, the rate at which the algorithm converges
to µ(y) in probability is O(n−δ ), where δ depends on ρ but
is independent of both c and the kernel. The rate is optimized for ρ = −1/6 and its optimal value equals O(n−1/3 ).
In the light of this, the sequence h(n) = cn−1/6 can be recommended for a differentiable m. In general, selecting the
sequence according to (19), one should pay more attention
to ρ than c, at least for large n.
All we have said about the choice of the number sequence
is true only in the asymptotic sense. Analyzing the estimate for moderate and small n appears to be much more
difficult for even the system in which the dynamic subsystem is just a delay, i.e., in which A = 0. The problem of
selecting h(n), in this case, has been already studied in the
statistical literature and has not yet been solved despite
the fact that the inference is then much easier because is
made from independent pairs.
Given the estimate µn (y) of λm−1 (y), one can recover
m(v/λ), where λ is some unknown number. The problem,
however, is that µn may not have an inverse. In order to
calculate an estimate of m(v/λ), we use µ+
n , a pseudoinverse of µn , defined in the following way:

any y ∈ Iv , for nonempty Iv
+
µn (v) =
0,
otherwise,
where Iv = {y : µn (y) = v}. We can now apply µ+
n (v) as
an algorithm recovering m(v/λ).
In the paper, m is assumed differentiable, so the output signal has a density. This restriction can be relaxed,
however. It suffices to use Lemma 4 and then proceed as
in Greblicki and Pawlak [17] in the proof of their Theorem 2. Although, in the paper, the nonlinearity is globally
Lipschitz, it is possible to extend our results to locally Lipschitz characteristics.. All those improvements and details
are left to future works.
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V. Identification of the Dynamic Subsystem
In this section, we present an idea for identification of
the linear dynamic subsystem. The suggested algorithm
recovers the impulse response {k(i); i = 1, 2, · · · } of the
subsystem. We shall need the following Corollary obtainable fro Theorem 1.
Corollary: Under the conditions of Theorem 1,
µn (Y ) → µ(Y ) as n → ∞ in probability,
where Y is a random variable independent of both {Ui ; i =
1, 2, · · · } and {Yi ; i = 1, 2, · · · }, and having the probability
density f .
We begin with the presentation of the algorithm with
the following observation:λk(i) = λE[U0 Vi ] = E[Y0 µ(Yi )].
The difficulty is that we do not know the characteristic m
nor, in consequence, µ. However, we can use µn instead
of µ. Suppose that he impulse response is recovered fro
input-output observations independent of those from which
µ has been estimated. Let us denote those observations by
(U10 , Y20 ), (U20 , Y30 ), · · · . We propose
χn,N (i) = (1/N )

N
X

0
Uj0 µn (Yi+j
),

(23)

j=1

some N > 0, as our estimate of λk(i).
We have already shown, see the corollary,
0
0
µn (Yi+j
) → µ(Yi+j
) as n → ∞ in probability.

Hence, for any fixed N ,
0
µn (Yi+j
) → (1/N )

N
X

0
Uj0 µn (Yi+j
)

j=1

as n → ∞ in probability.
Since the process (U10 , Y20 ), (U20 , Y30 ), · · · is strictly stationary, by virtue of the ergodic theorem,
(1/N )

N
X

0
Uj0 µn (Yi+j
) → E[U0 µ(Yi )], as N → ∞,

j=1

almost surely. As the limit equals λk(i), we can use (23)
in order to estimate the impulse response. The previous
discussion shows that the larger both n and N , the better
the result. Thus, one can estimate µ from the first sequence
of input-output observations and then, after a sufficiently
long time interval, observe the second one. The latter,
practically independent of the first, can be used to estimate
the impulse response. What we have shown here is merely
a suggestion, rather than a formal proof of convergence of
the algorithm.
VI. Simulation Results
In this section, we present results of numerical simulation
of the identification algorithm. In the example, Xn is a
scalare and, consequently, the matrix A is reduced to a
scalar denoted by a. We have taken m(v) = v 2 sign(v)

5

which leads to µ(y) = λy 1/2 sign(y). It is not difficult to
verify λ = σu2 /(bσu2 + σz2 ), where b = (2 − a2 )/(1 − a2 ). We
have set a = 0.2, σu2 = 1, σz2 = 0.1, which gives λ = 0.47.
The parabolic kernel defined in example b) in Section III
has been used.
We have already shown that our algorithm converges to
µ(y) pointwise. Since we want to have a global measure of
the quality of the algorithm, the following error has been
empirically evaluated:
100

1 X
E(µn (−3.18 + jδ)
ERROR(h(n)) =
101 j=0
− Eµ(−3.18 + jδ))2 ,
where δ = 2 · 3.18/100. In other words, we have calculated
errors at 101 points, namely, 3.18, −3.18 + δ,· · · , 3.18, and
defined the ERROR(h(n)) as their average. The probability that Yn lies in the interval (−3.18, 3.8) equals 0.95 and
therefore, the ERROR(h(n)) seems to be a good global
measure of the quality of our algorithm. The error has
been empirically determined for n =, 25, 100, 200, and 400.
For each n, we have found h∗ (n), i.e., h(n) minimizing the
ERROR(h(n)). Fig. 2 shows ERROR(h∗ (n)), i.e., the minimal possible ERROR(h(n)) as a function of n. It is seen
that the error decreases rapidly for small n and relatively
slowly for n larger than 200.
VII. Final Remarks and Conclusion
The idea of applying the nonparametric approach to
identify a class of nonlinear dynamic cascade systems has
been proposed and developed by Greblicki and Pawlak in
a series of papers mentioned earlier. They have suggested
and examined a number of algorithm recovering the nonlinearity in Hammerstein systems under both stationary as
well as quasi-stationary conditions. In this paper, we have
shown that the nonparametric approach can be also applied
to recover the nonlinearity in Wiener systems. Compared
to those identifying Hammerstein systems, the algorithm
examined in this paper converges at a smaller rate and restrictions imposed on the number sequence are sharper.. It
is caused by the fact that the environment in which the algorithm works is much more complicated from a statistical
point of view since the type of the statistical dependence
is more inconvenient. In this paper, regressors, i.e., Yn ’s
are dependent while in Hammerstein system identification,
the situation is simpler because Un ’s are regressors and
are independent. Despite those adverse circumstances, the
rate of convergence given in (22) is encouraging since it is
not much worse than n−/1/2 , which is a typical rate in the
parametric inference.
The algorithm presented in the paper is convenient fro
the computational viewpoint since no time consuming operations are involved. Calculations are extremely quick for
the kernel defined in example a) of Section III. On the other
hand, due to the smoothness of kernel d), the estimate using it is not rough as that the kernel a). Taking all that
into account, the parabolic kernel b) seem to be good for
both its numerical simplicity and smoothness..
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where ϕ is some nonnegative function such that E[ϕ(Y1 )]
exists. Moreover, ϕ is independent of n, t, and β.
Proof: Obviously,
Vn+1 = cT An X1 + ξn + Zn+1 ,
Pn
where ξn = i=1 cT An−1 bUi . Since
cov{Un t[m(ξn + Zn+1 )], U0 t(Y1 )} = 0,
we find the covariance in (24) equal
cov{Un (t[m(Vn+1 )] − t[m(ξn + Zn+1 )]), U0 t(Y1 )}
= E{Un U0 t(Y1 )(t[m(Vn+1 )] − t[m(ξn + Zn+1 )])}
−E{Un (t[m(Vn+1 )] − t[m(ξn + Zn+1 )])}
·E{U0 t(Y1 )} = S + T, say.

Fig. 2. ERROR (h∗ (n)) versus the number of observations.

Recalling that both t and m are Lipschitz, and using (25),
we get
Appendix
Lemma 1: Let Z = X + Y , where X and Y are two independent Gaussian random variables with zero-mean and
variance σx2 and σy2 , respectively. Then, the conditional
density of X conditioned on Z = z is also normal with
mean [σy−2 /(σx−2 + σy−2 )]z.
The proof is straightforward and can be found in many
text-books on probability and statistics.
Lemma 2: Let


Z
1
x−y
uh (x) =
ϕ(y)K
dy,
h
h

|t[m(Vn+1 )] − t[m(ξn + Zn+1 )]|
p

≤ αβ|cT An X1 |p ≤ αβ cT kAn k kX1 k .
Thus
p

|S| ≤ aβ cT kAn k E{kX1 k |U0 t(Y1 )|}
and
p

|T | ≤ aβ cT kAn k E{kX1 k }E{|U0 t(Y1 )|}
where a = αβ cT E|U0 |. Denoting

where ϕ is an integrable Borel measurable function and
where K is a Borel measurable kernel satisfying (9)-(1).
Then
uh (x) → ϕ(x) as h → 0,

we complete the proof.

almost every x ∈ R. Moreover,
sup |uh (x)|
0<h<∞

is finite for almost every x ∈ R.
The first part of the lemma is in Wheeden and Zygmund
[33, p.152] while the second is an immediate consequence
of the first.
Lemma 3: For random variables Xn and Yn , let us denote
an = E(Xn − a)2 and bn = E(Xn − b)2 , b > 0. Then,
1/2
Xn /Yn = O(cn ) in probability, where cn = max(an , bn ).
Proof: Clearly Xn = O(a1/2 ) and Xn = O(b1/2 ) in
probability. This and the inequality
Xn
a
Xn
−
≤
Yn
b
Yn

p

ϕ(y) = aE{kX1 k |U0 | |Y1 = y }
p
+ aE{kX1 k }E{|U0 | |Y1 = y },

Yn − b
Xn − b
+
b
b

complete the proof.
Lemma 4: Let t be a Borel measurable function such that
|t(y1 ) − t(y2 )| ≤ β |y1 − y2 | for some β > 0 and all y1 and
y2 . Then, in the Wiener system,
p

|cov[Un t(Yn+1 ), U0 t(Y1 )]| ≤ β kAn k E[ϕ(Y1 )|t(Y1 )|], (24)
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