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Continuous-Time Hammerstein System Identification
Wlodzimierz Greblicki
Abstract— A continuous-time Hammerstein system, i.e., a system consisting of a nonlinear memoryless subsystem followed by
a linear dynamic one, is identified. The system is driven and disturbed by white random signals. The a priori information about
both subsystems is nonparametric which means that functional
forms of both the nonlinear characteristic and the impulse response of the dynamic subsystem are unknown. An algorithm to
estimate the nonlinearity is presented and its pointwise convergence to the true characteristic is shown. The impulse response
of the dynamic part is recoverd with a correlation method. The
algorithms are computationally independent. Results of a simulation example are given.
Keywords— System identification, Hammerstein system, nonparametric identification, nonparametric regression.

I. Introduction

Fig. 1. The identified Hammerstein system.

II. Statement of the Problem
The continuous-time Hammerstein system, see Fig. 1, comprises two subsystems connected in a cascade. A nonlinear
memoryless one is followed by a linear dynamic part. The system is driven by a stationary white random process {U (t); t ∈
2
(−∞, ∞)} with zero mean and autocovariance function σU
δ(.),
where δ is the Dirac impulse. The random variable U (t) has
a probability density f . The first subsystem with input U (t)
and output V (t) is nonlinear, memoryless and V (t) = m(U (t)),
where m is the characteristic of the subsystem. Thus, {V (t); t ∈
(−∞, ∞)} is a stationary white random process with autocovariance function denoted by σV2 δ(.). We assume that m is a
Borel measurable function satisfying the following condition:

The block oriented approach to the nonlinear system identification assumes that the system consists of nonlinear memoryless
and linear dynamic subsystems, see Bendat [1]. The approach
has been used in many fields, e.g., to simulate the process of
eye movements, see Huebner et al. [12], to model visual cortex,
Emerson et al. [2], a distillation column, a heat exchanger, Eskinat et al. [3], Haber and Unbehauen [10], an electrical generator,
Haber and Unbehauen [10], as well as a pH-process, Kalafatis et
al. [13]. Another applications include automotive engineering,
Ralston et al. [19], control, Zi-Qiang [22].
Of various structures, the Hammerstein one consisting of a
nonlinear part followed by a dynamic one is of great interest.
Most papers devoted to its identification assume that the a priori information about both subsystems is parametric which usually means that the nonlinear characteristic is a polynomial of
a finite known degree and that the order of the state equation
of the dynamic part is finite, and known. In the consequence,
finite numbers of state equation and polynomial coefficients are
estimated in the process of identification. It seems, however,
that in many applications our a priori information about the
system is smaller, i.e., neither the order of the dynamic subsystem is known nor the nonlinear characteristic is a polynomial.
For example, the latter is the case when the characteristic is
not continuous. Problems in which the a priori information so
small that not coefficients but whole functions are estimated are
called nonparametric.
The nonparametric approach to the Hammerstein system
identification has been proposed and developed by Greblicki
and Pawlak [6]–[9], and examined by Pawlak [17], Greblicki [5],
Krzyzak [14], [15], as well as Pawlak and Hasiewicz [18]. In all
those works time is discrete. The novelty of this paper is that
we identify continuous-time systems. We present a theoretical
motivation and then propose a kernel algorithm to recover the
characteristic of the nonlinear subsystem and show that its consistency at all points at which the characteristic is continuous as
well as at almost every (with respect to the Lebesgue measure)
point. The impulse response of the dynamic part of the system is recovered in a standard way via estimating a correlation
function.
Finally, we want to mention that the idea of the nonparametric identification of dynamic systems has been examined earlier
by Georgiev [4], but effective results have been obtained, however, when associated with the block oriented approach.

Owing to (2), and the fact that σV2 is finite, output W (t) of the
dynamic part is a random variable. Therefore, the problem is
well posed, i.e., can be described with probabilistic methods.
Obviously, {W (t); t ∈ (−∞, ∞)} is a stationary correlated
random process. Output of the dynamic subsystem is disturbed
by additive stationary white random noise {Z(t); t ∈ (−∞, ∞)},
2
δ(.). We asi.e., a processes with autocovariance function σZ
sume, moreover, that EZ(t) = 0 and that the process is independent of the input signal. Therefore, Y (t) = W (t) + Z(t),
where Y (t) is output of the whole system.
We identify both subsystems, i.e., estimate the nonlinear
characteristic m and the impulse response k from observations
{U (t), Y (t); t ∈ [0, ∞)} taken at input and output of the whole
system. Since the signal V (t) interconnecting the subsystems
is not measured, both m and k can be estimated up to some
constants only.
To simplify further considerations and formulas, we impose
the following additional restrictions on the density f of U (t) and
the nonlinearity m:
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The basis for recovering the impulse response is an obvious
equality cov[Y (t + τ ), U (t)] = αk(τ ). Thus, as an estimate of

|m(u)| ≤ c1 + c2 |u|

(1)

2
is finite together with (1)
with some c1 , c2 > 0. The fact that σU
imply σV2 < ∞. The impulse response of the
R t linear subsystem
is denoted by k which means that W (t) = −∞ k(t − ξ)V (ξ)dξ.
We assume that
Z ∞
k2 (t)dt < ∞.
(2)
0

f is an even function,

(3)

m is an odd function.

(4)

Restriction (3) implies EU (t) = 0. In turn, this, and (4) yield
EV (t) = 0.
For the sake of simplicity, (U, V ) denotes a pair of random variables distributed like (U (t), V (t)). For convenience,
for a fixed, positive λ, we denote β = k(λ). Moreover, α =
E{U m(U )}.
III. Identification Algorithms
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αk(τ ) we take
κ̂(τ ; t) =

1
t

t

Z

Y (τ + ξ)U (ξ)dξ.

(5)

0

To introduce the algorithm identifying the nonlinear subsystem, we need the following
Lemma 1: In the system,

Proof: Since Eκ̂(τ ; t) = αk(τ ), it suffices to examine variance which equals (1/t2 )[P1 (t) + P2 (t)] with
Z tZ t
P1 (t) =
cov[W (τ + ξ)U (ξ), W (τ + η)U (η)]dξdη,
0

0

and
2
P2 (t) = σZ

t

Z

cov[U (ξ), U (η)]dξdη,
0

E{Y (t + λ)|U (t) = u} = βm(u).
Proof: The lemma is a simple consequence of Lemma 2 in
Appendix, and the fact that the zero mean disturbance Z(t) is
independent of the input signal.
Thus, recovering βm(u) is equivalent to estimating the regression E{Y (t + λ) |U (t) = u}. To estimate the regression, we
propose the following algorithm:


Z t
u − U (ξ)
Y (λ + ξ)K
dξ
h(t)

µ̂(u; t) = 0 Z t 
,
(6)
u − U (ξ)
K
dξ
h(t)
0
where, K and h are suitably selected kernel and bandwidth
functions, respectively.
A discrete-time version of (6) has been introduced in the statistical literature independently by Nadaraya, [16], and Watson,
[20], see also Härdle [11]. They have estimated m(u) from independent pairs of observations (Ui , Yi ), i = 1, 2, · · · , where
Yi = m(Ui ) + Zi , and where Zi is a random disturbance. In
other words, they have identified a nonlinear memoryless system. Next, the estimate has been applied to recover the nonlinear characteristic of a memoryless subsystem of a discrete-time
Hammerstein dynamic system, see [5]–[9], [14], [15], [18]. Recovering the nonlinearity of a Hammerstein system have appeared,
however, more complicated since, due to dynamics, consecutive
output observations are dependent. In this paper, we also deal
with a Hammerstein system, but, as we have already mentioned,
time is now continuous.
The positive Borel measurable function h satisfies the following two restrictions:
h(t) → 0 as t → ∞,

(7)

th(t) → ∞ as t → ∞,

(8)

while the Borel measurable kernel K the following ones:
sup

|K(v)| < ∞,

(9)

−∞<v<∞

Z

∞

|K(v)| dv < ∞,

(10)

−∞

v 1+ε K(v) → 0 as |v| → ∞,

(11)

with, depending on the context, ε = 0 or ε > 0.
Observe that for h(t) = ct−γ , with any positive c, (7) and (8)
hold for 0 < γ < 1. As the kernel, one can select, e.g., a window
function equal 1 or zero according to |u| does not exceed or is
2
greater than 1. Other examples are e−|u| , e−u , or 1/(1 + u2 ).
IV. Convergence of Algorithms
We shall now show that algorithms (5) and (6) converge to
αk(τ ) and βm(u) as t tends to infinity, respectively.
Theorem 1: Let E{U 2 m2 (U )} < ∞. Then
E(κ̂(τ ; t) − αk(τ ))2 → 0 as t → ∞.

t

Z
0

respectively. Since, EU = 0, by virtue of Lemma 3 in Appendix,
covariance under the integral in P1 (t) equals
R∞ 2
2
δ(ξ − η)k2 (τ ) var [U m(U )] + δ(ξ − η)σV2 σU
k (ζ)dζ
0
+k(τ + ξ − η)k(τ − ξ + η)E 2 {U m(U )}.
Hence
Z ∞
2
k2 (ξ)dξ
P1 (t)= k2 (τ )t var [U m(U )] + σV2 σU
t
0
Z tZ t
+ E 2 {U m(U )}
k(τ + ξ − η)k(τ − ξ + η)dξdη.
0

0

Rt
The double integral in the last term equals 2 0 k(τ + λ)k(τ −
R∞ 2
λ)dλ and is bounded in absolute value by 2 0 k (ξ)dξ. Therefore, |P1 (t)| ≤ c1 t, some c1 independent of t. Since a similar inequality holds for P2 (t), we get var[κ̂(τ ; t)] = O(t−1 ) and
complete the proof.
Going through the proof again, we observe that E(κ̂(τ ; t) −
αk(τ ))2 = O(t−1 ). Therefore, the rate at which the estimate
converges is the same as that usually encountered in parametric
inference.
Our next theorem establishes convergence of the algorithm
recovering the nonlinearity.
Theorem 2: Let h satisfy (7), and (8). Let the kernel K satisfy
(9) and (10). If, moreover, (11) holds with ε = 0, then
µ̂(u; t) → βm(u) as t → ∞ in probability
at every point u at which both m and f are continuous, and
f (u) > 0. If (11) is satisfied with ε > 0, then the convergence
takes place at almost every (with respect to the Lebesgue measure) point u at which f (u) > 0.
Proof: Suppose that (9), (10), and (11) with ε = 0, are satisfied. Let u be a point at which both m and f are continuous.
Denote


Z t
u − U (ζ)
1
ˆ
Y (λ + ζ)K
dζ
ξ(u; t) =
th(t) 0
h(t)

Z t 
u − U (ζ)
1
η̂(u; t) =
dζ
K
th(t) 0
h(t)
ˆ t)/η̂(u; t). From Lemma 1, we get
and observe µ̂(u; t) = ξ(u;



ˆ t) = 1 E Y (λ)K u − U (0)
E ξ(u;
h(t)
h(t)



1
u−U
.
=
βE m(U )K
h(t)
h(t)
ˆ
Now, applying
R ∞ Lemma 5 in Appendix, we obtain E ξ(u; t) →
βf (u)m(u) −∞ K(v)dv as t → ∞.
ˆ t)] = (1/t2 h2 (t))[R1 (u; t) + R2 (u; t)], where
In turn, var[ξ(u;



Z tZ t
u − U (ξ)
R1 (u; t) =
cov W (λ + ξ)K
,
h(t)
0 0


u − U (η)
W (λ + η)K
dξdη,
h(t)
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and
2
R2 (u; t)= σZ

Z tZ
0

t

 
 

u − U (ξ)
u − U (η)
cov K
,K
dξdη,
h(t)
h(t)
0

respectively. Since (7) and (8) hold, by virtue of Lemma 4 in
Appendix, R1 (u; t) is bounded in absolute value by ρ(u)(th(t) +
th2 (t)) with a finite ρ(u). Since, moreover, the same holds for
ˆ t)] = O(1/th(t)). Finally, ξ(u;
ˆ t) →
R2 (u; t), weR find, var[ξ(u;
∞
βm(u)f (u) −∞ K(v)dv as t → ∞ in probability.
Since,
R ∞ using similar arguments, one can verify that η̂(u; t) →
f (u) −∞ K(v)dv as t → ∞ in probability at the point, the first
part of the theorem has been verified. To show the other, it
suffices to repeat all arguments and apply the almost everywhere
version of Lemma 5.
Imposing some smoothness restrictions on m, we can give
convergence rates for our identification algorithm recovering the
nonlinearity. We fix a point u and begin with the following
observation:
Z ∞
ˆ t) − βf (u)m(u)
K(v)dv
E ξ(u;
−∞
Z ∞
=β
[m (u − h(t)v) f (u − h(t)v) − m(u)f (u)] K(v)dv.

Fig. 2. MISE versus c; h(t) = ct−1/6 .

−∞

R∞
We select the kernel so that −∞ vK(v)dv = 0 and assume that both m and f have three derivatives bounded
in a neighborhood of the point u.
Now, expanding m
and f in Taylor series
at
the
point,
we
find the quantity
R∞
equal to βh2 (t)ρ(u) −∞ v 2 K(v)dv + o(h2 (t)) with ρ(u) =
ˆ t) −
m0 (u)f 0 (u) R+ (1/2)[m(u)f 00 (u) + m00 (u)f (u)]. Thus, E ξ(u;
∞
2
βf (u)m(u) −∞ K(v)dv = O(h (t)).
As variance equals
O(1/th(t)), see the proof of Theorem 2, selecting h(t) ∼ t−1/5 ,
R
ˆ t) − βm(u)f (u) ∞ K(v)dv)2 = O(t−4/5 ). Since,
we get E(ξ(u;
−∞
R∞
for similar reasons, E(η̂(u; t) − f (u) −∞ K(v)dv)2 = O(t−4/5 ),
we finally obtain
µ̂(u; t) − βm(u) = O(t−2/5 ) as t → ∞ in probability.
Thus, the convergence rate is not very much worse than t−1/2 ,
i.e., the rate typical for parametric problems.
V. Simulation Example
To illustrate behavior of our algorithm recovering the nonlinearity, we present results of a numerical simulation. In the
example, m(u) is not continuous and equals u + 1/2 or u − 1/2,
for 0 ≤ u or u < 0, respectively. The dynamic subsystem has
a transfer function K(s) = 12/ (s + 1) (s + 4) while disturbance
Z(.) is Gaussian with variance 0.1. Despite the fact that we
have shown pointwise convergence,Rthe mean integrated square
2
error (MISE in short) defined as E −2 (µ̂(u; t) − βm(u))2 du has
been empirically calculated. In the algorithm, the kernel is a
window function while h(t) = ct−γ .
Fig. 2 shows the empirical MISE for γ = −1/6 with c varying from 0 to 8. Results suggest that the best c is close to 0.9.
Observe, moreover, that one should avoid selecting the coefficient smaller than optimal since the error increases rapidly as
c decreases from the optimal value. Having in mind that the
estimate is consistent for γ in the interval (0, 1), we have shown
MISE for γ varying from 0 to 4, see Fig. 3. Observe that γ
close to 1/2, i.e., γ lying in the centre of the admissible interval is best, and that too small γ are highly not recommended.
Next, selecting both coefficients safely, i.e. setting c = 3 and
γ = 4/5, we have examined MISE against t. Results are depicted in Fig. 4 with the solid line. Observe that the error

Fig. 3. MISE versus c; h(t) = ct−1/6 .

gets small very rapidly for t smaller than 200. In addition, the
dashed line shows the error for K(s) = 1, i.e. for the system
with no dynamical part. We see that dynamics increases MISE.
In tis context, one can observe, we omit strict reasoning, that m
is recovered from observations noised by not only Z(.) but also
an additional disturbance incurred by the dynamic subsystem
which explains why, for K(s) = 1, MISE is smaller.
VI. Final Remarks
Identifying the continuous-time Hammerstein system, we do
not impose any restriction concerning functional forms on both
the nonlinear characteristic and the impulse response. Thus,
the a priori information about the system is nonparametric. In
the parametric approach, on the contrary, both forms are known
and each is described by a finite number of parameters. Thus, it
seems that, with this respect, nonparametric methods are more
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Remark 1: Observe that if restrictions (3) and (4) are not satisfied,
E{W (t + λ)|U (t) = u} = k(λ)m(u) + γ,
R∞
with γ = E{m(U )} 0 k(ξ)dξ.
Lemma 3: For any Borel function ϕ,
cov [W (t + λ)ϕ(U (t)), W (τ + λ)ϕ(U (τ ))]
= δ(t − τ )k2 (λ) var [m(U )ϕ(U )]
Z ∞
+ δ(t − τ )σV2 E{ϕ2 (U )}
k2 (v)dv
0

+ k(λ)k(τ − t + λ)E{ϕ(U )}E{m2 (U )ϕ(U )}
+ k(λ)k(t − τ + λ)E{ϕ(U )}E{m2 (U )ϕ(U )}
+ k(t − τ + λ)k(τ − t + λ)E 2 {m(U )ϕ(U )}.
Proof: The covariance in the assertion equals
Z t+λ Z τ +λ
k(t + λ − ξ)k(τ + λ − η)
−∞

−∞

× cov [m(U (ξ))ϕ(U (t)), m(U (η))ϕ(U (τ ))] dξdη.
Fig. 4. MISE versus t for h(t) = 3t−1/6 ; a) K(s) = 12/(s + 1)(s + 4), b)
K(s) = 1.

Since {U (t)} is white noise, and Em(U ) = 0, we get
cov [m(U (ξ))ϕ(U (t)), m(U (η))ϕ(U (τ ))]
= δ(t − τ )δ(τ − ξ)δ(τ − η) var [m(U )ϕ(U )]

suitable to solve problems encountered in real life applications.
In the parametric identification, considerations are usually
confined to nonlinear characteristics being polynomials of a finite known degree. Nevertheless, the approximation theorem of
Weierstrass is an argument often used in favor of the polynomial
approach. According to the theorem, any continuous function
can be uniformly approximated in any interval to any degree
of accuracy by power polynomials. It suggests that applying
a polynomial of a high degree, one could expect good results.
This argument gets, however, weak when the estimated nonlinearity is not continuous. In this context, we point out once
again that our algorithm successfully identifies the nonlinear
subsystem even when its characteristic is not continuous.
Concluding, we emphasize that parametric and nonparametric approaches do not compete with each other since they are
designed to work under different a priori information. When
the information is large enough, the former is applied, when
isn’t, only the latter can recover unknown characteristics.
Finally, we want also to stress that, from the computational
viewpoint, algorithms (5) and (6) are independent, i.e., that
estimates κ̂(τ ; t) and µ̂(u; t) are calculated separately.
Appendix
A. The System
Lemma 2: In the system,

+ δ(t − τ )δ(ξ − η)E{ϕ2 (U )} var [m(U )]
+ δ(t − ξ)δ(η − ξ)E{ϕ(U )}E{m2 (U )ϕ(U )}
+ δ(τ − ξ)δ(τ − η)E{ϕ(U )E{m2 (U )ϕ(U )}
+ δ(t − η)δ(τ − ξ)E 2 {m(U )ϕ(U )}
and complete the proof.
We are now in a position to verify our next lemma.
Lemma 4: Let K satisfy (9), (10), and (11). Then,



Z tZ t
u − U (ξ)
,
cov W (ξ + λ)K
h(t)
0
0


u − U (η)
W (η + λ)K
dξdη
h(t)


≤ ρ(u) th(t) + th2 (t)
with some function ρ. For ε = 0, ρ is finite at every point u at
which both m and f are continuous. For ε > 0, ρ is finite at
almost every (the Lebesgue measure) point u.
Proof: From Lemma 3, it follows that the double integral in the assertion is bounded in absolute value by Q1 (u; t) +
Q2 (u; t) + 2Q3 (u; t) + Q4 (u; t) with



u−U
,
Q1 (u; t) = k2 (λ)t var m(U )K
h(t)


 Z ∞
u−U
2
2
Q2 (u; t) = σV tE K
k2 (ξ)dξ,
h(t)
0

E{W (t + λ)|U (t)} = k(λ)m(U (t)).
Proof: To prove the lemma, it suffices to verify E{W (t +
λ)|V (t)} = k(λ)V (t). To do this, denote ρ(V (t)) = E{W (t +
λ)|V (t)}, and ψ(V (t)) = k(λ)V (t). Since, due to (3) and
(4), EV = 0, for any Borel function φ, we get E{W (t +
λ)φ(V (t))} = E{ρ(V )φ(V )}. On the other hand, for any
φ, E{W (t + λ)(V (t))} = k(λ)E{V φ(V )}. Thus, for any φ,
E{ρ(V )φ(V )} = k(λ)E{V φ(V )}. Observe, moreover, that, for
any φ, E{ψ(V )φ(V ))} = k(λ)E{V φ(V )}. Hence, ρ(V ) = ψ(V )
with probability 1. This implies the desired equality and completes the proof.


 
 

u−U
u−U
Q3 (u; t)=k(λ)E K
E m2 (U )K
h(t)
h(t)
Z tZ t
×
k(λ + ξ − η)dξdη,
0

0

and



u−U
Q4 (u; t) = E m(U )K
h(t)
Z tZ t
k(λ − ξ + η)k(λ + ξ − η)dξdη,
2

0

0
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respectively.
Observe that |Q1 (u; t)| ≤ κk2 (λ)ρ1 (u)th(t), where


u−U
1
ρ1 (u) = sup E m2 (U )K
,
h
0<h h
and where κR = supu |K(u)|.
∞
κσV2 ρ2 (u)th(t) 0 k2 (ξ)dξ, where
ρ2 (u) = sup
0<h

In turn, |Q2 (u; t)|

1
E K
h



u−U
h

≤



while
|Q3 (u; t)| ≤ ρ1 (u)ρ2 (u)k(λ)h2 (t)

t

Z

t

Z

k(λ + ξ − η)dξdη .
0

0

Rt
Since the integral in the obtained expression equals 2 0 (t −
Rλ
τ )k(λ − τ )dτ and is bounded in absolute value by 2t 0 |k(ξ)|dξ.
Denoting the quantity by ε1 , we find |Q3 (u; t)| ≤
ε1 ρ1 (u)ρ2 (u)k(λ)th2 (t). Further, the absolute value of Q4 (u; t)
is bounded by
Z tZ t
ρ23 (u)h2 (t)
k(η − ξ + λ)k(λ − η + ξ)dξdη ,
0

0

where
ρ3 (u) = sup
0<h

1
E m(U )K
h



u−U
h


.

Rt
The double integral in the above expression equals 2 0 (t −
τ )k(λ
R ∞ − τ )k(λ + τ )dτ which absolute value is not greater than
2t 0 k2 (ξ)dξ. Denoting the quantity by ε2 , we get |Q4 (u; t)| ≤
ε2 ρ1 (u)ρ2 (u)k(λ)th2 (t).
Applying now the continuous version of Lemma 5, we find
that for K satisfying (9), (10), and (11) with ε = 0, all functions
ρ1 , ρ2 , and ρ3 are finite for every point u at which m, and f are
continuous. Since the almost everywhere version can be verified
in a similar way, the proof has been completed.
B. General result
Lemma 5: Let f be a density function of a random variable U .
Let m be a Borel function such that E|m(U )| < ∞. Let a Borel
measurable kernel K satisfy (9), (10). If, moreover, (11) holds
with ε = 0, then



Z ∞
u−U
1
E m(U )K
→ m(u)f (u)
K(v)dv as h → 0
h
h
−∞
(12)
at every point u at which both f and m are continuous and


1
u−U
sup E m(U )K
<∞
(13)
h
0<h h
at the same points. If, in addition, (11) holds with ε > 0,
then (12) and (13) are satisfied at almost every (the Lebesgue
measure) point u (in particular, at every point u at which both
f and m are continuous).
Proof: Continuous and almost everywhere versions of (12)
can be found in [21, Theorems 9.9 and 9.13]. (13) follows
immediately.
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