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Hammerstein System Identification with the Nearest
Neighbor Algorithm
Włodzimierz Greblicki and Mirosław Pawlak

Abstract—The nonlinear characteristic in a Hammerstein system, i.e., a system in which a nonlinear memoryless subsystem
and a linear dynamic are connected in a cascade, is recovered
with the nonparametric nearest neighbor regression estimate.
The apriori information is nonparametric, both the nonlinear
characteristic and the impulse response are completely unknown
and can be of any form. Local and global properties of the
estimate are examined. Whatever the probability density of the
input signal, the estimate converges at every continuity point of
the characteristic as well as in the global sense. We derive the
asymptotic bias and variance of the proposed estimate. As a result
the optimal rate of convergence is established that additionally
is independent of the shape of the input density. Results of
numerical simulations are also presented.
Index Terms—System identification, Hammerstein system,
nearest neighbor, nonparametric regression, dependent data, rate
of convergence.

I. I NTRODUCTION
N this paper we examine the commonly used in numerous
applications nonlinear Hammerstein system. The problem
of identification of this system has been extensively studied
in the signal processing literature, see [18] and the references
cited therein. The classic parametric theory of identification of
the Hammerstein system is reviewed in [18].
The nonparametric regression approach for recovering a
nonlinear characteristic of the system is summarized in [24].
Two types of nonparametric regression function estimates have
been applied to recover the nonlinear characteristic in the
Hammerstein system, i.e., the kernel methods [21], [22], [34],
and orthogonal series estimates [19], [30], [33], [44]. A comprehensive review of the nonparametric estimation methods
and algorithms in the context of nonlinear system identification
can be found in [24]. The statistical theory of nonparametric
curve estimation is examined in [15], [27], [37]. In this paper,
we propose to employ the nearest neighbor algorithm being
a useful and flexible tool in the theory of nonparametric
estimation of a regression function [27], machine learning [14]
and nonparametric econometrics [37]. We also refer to [6] for
recent systematic studies of the nearest neighbor estimation
method including the problem of regression estimation.
From the statistical viewpoint, we also recover a regression
function. The novelty is that, because of dynamics, observations are dependent which is a source of specific problems.
In fact, there have been a few studies on the nearest neighbor
estimate in the context of dependent data. We mention [56],
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[7] where the asymptotic properties of the estimate, under the
strong mixing dependence assumption, are examined. In [35]
the nearest neighbor regression estimate is examined for a
static memoryless system with the dependent input signal.
The Hammerstein system consists of a linear dynamic
subsystem and a memoryless nonlinear element. Functional
forms of the estimated nonlinear characteristic, input probability density and an impulse response function of the linear
subsystem are completely unknown. Imposing no assumptions
on them, we prove that the algorithm recovers the nonlinear
characteristic. We examine pointwise and global convergence
rates and establish their optimality property. The global properties are assessed by the L∞ , L1 and L2 risks. The evaluated
rates are independent of the shape of the input signal density.
This is an important advantage over the mentioned kernel and
orthogonal series algorithms where the rate of convergence
depends critically on the roughness of the input density.
It is also worth mentioning that the data generated from
the Hammerstein system do not necessarily meet the strong
mixing condition. The latter being a common assumption in
the nonparametric inference for time series models [15] ands
also used in the previous studies on the nearest neighbor
method [7], [56].
The rest of the paper is organized as follows. Section II
formulates the nonparametric estimation problem, whereas
Section III defines the nonparametric nearest neighbor estimate
of the nonlinearity of the Hammerstein system. Moreover, in
Section III a brief discussion of the linear subsystem identification is also given. In Section IV we establish the conditions for
the pointwise and global convergence of the estimate including
the uniform convergence. The corresponding convergence rates
of the estimate are evaluated in Section V. Some numerical
examples that support the theory are given in Section VI. The
appendix contains the basic mathematical facts pertinent to the
findings of this paper.
II. N ONPARAMETRIC H AMMERSTEIN S YSTEM
I DENTIFICATION P ROBLEM
The Hammerstein system shown in Fig. 1 consists of a
memoryless subsystem with a nonlinear characteristic m(·)
and a linear dynamic subsystem with the impulse response
{λi ; i = 0, 1, . . .}. The input signal {. . . , U−1 , U0 , U1 , . . .}
is a sequence of independent identically distributed random
variables with the unknown input density f (·). Independent of
the input signal, random disturbance {. . . , ε−1 , ε0 , ε1 , . . .} is
stationary white noise with zero mean and unknown variance
σε2 .
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Fig. 1. The Hammerstein system.

The characteristic m(·) is just a Borel measurable function.
Thus, Vn = m(Un ) is a random variable. We assume,
moreover, that
E{Vn2 } < ∞.
(1)
Concerning the linear subsystem
Wn =

∞
X

λi Vn−i

(2)

i=0

we assume that it satisfies
∞
X

|λi | < ∞

(3)

i=0

which is the case, e.g., for every stable system described
by a state equation. Owing to that, we find Wn to be a
random variable and {. . . , W−1 , W0 , W1 , . . .} is a stationary
process. Consequently, {. . . , Y−1 , Y0 , Y1 , . . .} is also a random
stationary signal. Finally, signals Un , Vn , Wn , Yn and εn
shown in Fig. 1 are all random variables while their sequences
are stationary random processes. It means that the problem
of recovering m(·) is well posed, i.e., can be described in
statistical mathematics terms. In addition, with no loss of
generality, to make our considerations easier, we assume that
E{m(Un )} = 0 and λ0 = 1. All the above assumptions hold
in the remaining of the paper and will not be repeated.
Our goal is to recover m(·) from a training sequence
{(U1 , Y1 ), (U2 , Y2 ), . . . , (Un , Yn )}

(4)

of input-output observations. The intermediate signal Vn is not
observed.
We want to stress that functional forms of both f (·) and
m(·) are completely unknown, in particular they can be not
continuous. We do not impose any restriction on m(·) nor f (·)
which means that the classes of admissible characteristics and
densities are as wide as possible and by no means can be
parameterized. In the light of this, the a priori information
about the system is nonparametric.
The tool we propose to use is the nearest neighbor regression estimate. This estimate forms the most intuitively appealing and adaptive of all nonparametric regression estimates.
We show its pointwise and global consistency and establish
the convergence rate that is argued to be optimal. Contrary
to kernel and orthogonal series techniques, the algorithm can
converge at points at which the input probability density f (·)
is not continuous and, moreover, its convergence rate is independent of the shape of f (·) which is an obvious advantage.
We also briefly discuss the problem of identifying the linear
subsystem. This problem has been extensively examined in the

system identification literature subject the constrain that the
nonlinear part is specified parametrically [18]. The proposed
algorithms are computationally dependent, i.e., the parameters
in one part are held constant while the parameters in the
other are determined. On the other hand, the correlation and
regression function strategies allow us to decouple the linear
and nonlinear system identification problems.
There have been a large number of studies on the nonparametric regression estimation for dependent data, see [15], [37]
and the references cited therein. These contributions, however,
have been mostly focused on various kernel methods and it has
been commonly assumed that the dependence structure of the
observed data meets the strong mixing condition. The dependence structure for our identification problem is determined
by the linear dynamic system in (2). The conditions for the
strong mixing dependence of linear processes were established
in [53]. A quick inspection of the result in [53], see also [16],
shows that the linear process {Wn } in (2) with the restriction
(1) is strong mixing if |λn | = O(n−γ ) for γ > 5/2. Note,
however, the condition in (3) is satisfied under the following
weaker requirement |λn | = O(n−γ ) for γ > 1.
There is yet another peculiar property of the data generated
by the Hammerstein system. This results from the fact that the
process {Vn } is obtained as a nonlinear mapping of the input
signal Un . Consequently, this can produce the output process
{Yn } that is neither strong mixing nor has an absolutely
continuous distribution. In fact, let us assume that Un is
Gaussian with zero mean and let Vn = sgn(Un ), i.e., Vn is
equal to 1, −1 with probability 1/2. Furthermore, suppose
that the linear system is represented by the autoregressive
process Wn = aWn−1 + Vn , where |a| < 1. Then, the result
of [1] reveals that the process {Wn } is not strong mixing
for any a ∈ (0, 1/2]. Moreover, when a = 1/2 then the
distribution of Wn is absolutely continuous with the uniform
density on [−2, 2]. For 0 < a < 1/2 the distribution of Wn
is singular. The case 1/2 < a < 1 is much more complicated
as we can have either absolutely continuous or purely singular
distribution of Wn , see [47] and the references cited therein on
the above described so-called Bernoulli convolution problem.
It is also worth mentioning that there are various generalizations of the concept of time series dependence. In
particular, the dependence measure based on the physical
data-generating mechanism was proposed in [55]. In [32] this
type of predictive dependence was employed to establish the
asymptotic properties of kernel regression estimates. In the
context of the linear system in (2), this dependence measure
is well-defined if (3) holds with the additional requirement
that Vn has a differentiable density. Since Vn = m(Un ) then
it is clear that there is a large class of system nonlinearities
such that this restriction cannot be satisfied.
The Hammerstein model can also be employed as the parsimonious approximation of more general dynamical nonlinear
stationary systems. For example, let us assume the following
p−th order nonlinear moving average system (NMA(p))
Yn = g(Un , Un−1 , . . . , Un−p ) + εn ,

(5)
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where it is assumed that EYn2 < ∞ and {Un } is the iid input
process. Next, let us consider a class of Hammerstein models
of order p
H(λ, m(·))


p


X
= YnH =
λj m(Un−j ) : E{m2 (Un )} < ∞ .


j=0

Then it can be shown that the L2 error E{(Yn − YnH )2 } is
minimized by a function m(·) and the impulse response {λj }
defined as
p
X
m(u) =
ηk gk (u) + α,
(6)
k=0

Pp
where gk (u) = E{Yn |Un−k = u}, ηk = λk / j=0 λ2j for
some constant α. The impulse response {λk } is specified by
λk = βcov(Yn , Un−k ), some constant β. The proof of this fact
can be derived from the Hajek projection lemma that gives
the best L2 approximation of a function g(X1 , . . . , Xd ) of
independent random
Pdvariables X1 , . . . , Xd by linear combinations of the form i=1 gi (Xi ) for some univariate functions
gi (·) with E{gi2 (Xi )} < ∞, i = 1, . . . , d, see [51] and
the references cited therein. The fact that the aforementioned
orthogonal projection of the NMA(p) system onto the class
H(λ, m(·)) is specified up to some unknown constants is
due to the cascade structure of the model. If, however, we
assume that E{m(Un )} = 0 and λ0 = 1 then α = 0 and
β = 1/cov(Yn , Un ). The estimation methodology developed
in this paper can be extended to the problem of recovering
the optimal nonlinearity in (6), where one should estimate the
sequence of regression functions gk (u) = E{Yn |Un−k = u}
and correlations cov(Yn , Un−k ) for k = 0, . . . , p. The aforementioned projection is an important property since one can
avoid the curse of dimensionality inherent with models such as
NMA(p). In fact, instead of estimating the p + 1-dimensional
function g(·) characterizing the NMA(p) system in (5) we can
merely estimate p + 1 one-dimensional nonlinearities gk (u),
k = 0, . . . , p defined in (6). It is also worth mentioning that
there exists the theory of linear approximations of nonlinear
systems, see [41] and the references cited therein.
Throughout the paper we need some notation and basic
definitions. Hence, let us recall that, denoted by S, the support
f (·) is the set of all points u ∈ (−∞, ∞) such that
Rofu+ε
f (v)dv > 0 for every ε > 0. The characteristic m(·)
u−ε
can be bounded or unbounded in the support. Whenever is,
we denote M = supu∈S |m(u)|.
For the sake of simplicity, we sometimes write U for Un .
Moreover, for a sequence of random variables Xn writing
Xn = OP (an ) for a sequence of numbers an , we mean that
Xn /an is bounded in the probability sense. Also by 1(A) we
denote the indicator function of the set A.
III. I DENTIFICATION A LGORITHMS
A. Nonlinear System Identification
Let us recall that
∞
X
Yn =
λi m(Un−i ) + εn .
i=0

(7)
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This readily yields
E {Yn |Un = u} = m(u).

(8)

Thus, to recover m(u), a nonparametric regression estimate
can be applied, e.g., kernel or orthogonal series estimates, see,
e.g., [15], [24], [27], [37]. In this paper, however, we employ
the k-nearest neighbor regression estimate, see [6]. It is now
obvious that the assumptions E{m(U )} = 0 and λ0 = 1 we
have made for the sake of simplicity only. If these restrictions
are not satisfied,Pthe estimate recovers λ0 m(u) + λ, where
∞
λ = E{m(U )} j=1 λj . The fact that we can recover m(·)
only up to some unknown constants is caused by the cascade
structure of the system and, under the assumed lack of the a
priori information, cannot be overcome.
For a fixed u ∈ S, let

(U(1) , Y[1] ), (U(2) , Y[2] ), . . . , (U(n) , Y[n] )
be a sequence obtained from (4) by arranging all pairs of the
input signal in a way such that
U(1) − u < U(2) − u < . . . < U(n) − u .

(9)

Ties, i.e., events that |Ui − u| = |Uj − u| for i 6= j have zero
probability and can be neglected. Hence, the pair (U(i) , Y[i] ) is
such that U(i) depends on u and it is the i-th nearest neighbor
of u. The corresponding output signal Y[i] is just paired with
U(i) and is often called the concomitant of order statistics
[9]. Hence, Y[i] = Yi if |Ui − u| is the i’th largest among
{|Uj − u|, j = 1, . . . , n}.
Our estimate of m(u) is of the following form
m(u)
b
=

kn
1 X
Y[i] .
kn i=1

(10)

The motivation of the estimate is obvious, since m(u)
b
is just
the mean value of Y[1] , . . . , Y[kn ] , i.e., of those Yi ’s in (4)
whose Ui ’s are among the kn closest to u, where kn is an
integer such that 1 ≤ kn ≤ n.
The k-NN estimate is the simplest and most appealing of
all nonparametric methods. It has a few attractive properties
such as the ability to adapt to the amount and sparsity of local
information that is available. This property is not shared by
the fixed bandwidth estimators like kernel and series regression
estimation methods. Besides, the k-NN regression estimate is
not the ratio of two random variables, as this is the case with
the popular nonparametric kernel method that is defined as


n
X
u − Ui
Yi K
h
m(u)
e
= i=1n
(11)

 ,
X
u − Ui
K
h
i=1
where K(u) is the kernel function and h is the bandwidth.
Among many other things, this implies that asymptotical
properties (like convergence) of the k-NN estimate holds under
weaker conditions than those needed for the kernel estimate. In
this paper we show that the convergence and the corresponding
rate are entirely independent of the input density.
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The idea of the nearest neighbor method can be traced back
as far as [8], [17], [26], see also [14] where it was devoted
to the problem of nonparametric classification. It was next
applied to estimate a probability density function [39], and
then adapted to a regression and studied by a number of
authors, see, e.g., [10], [13], [49], [40] or more recently in
[27], [37], [3], [4], [6]. A comprehensive examination of the
nearest neighbor method is given in [6].
We apply the algorithm to recover the nonlinearity in the
Hammerstein system. The presence of a dynamic subsystem
makes, however, our problem tougher, since Yi and Yj , i 6= j,
depend on each other whereas in [6] they are independent.
Nevertheless, we should mention that in [56], [7] the nearest
neighbor regression estimate was examined under the strong
mixing dependence assumption on the observed data. As we
have already discussed in Section II this assumption is not
met in our case. In [35] the asymptotic behavior of (10) for
dependent input signal Un is studied. It has been assumed,
however, that dependence between the output signal Yn and
the inputs {Ui , i ≤ n} is memoryless. Hence, Yn depends only
on Un but not on the past input signals {Ui , i < n}. Clearly,
this restriction is not satisfied in our case.
A related approach for the Hammerstein system identification based on spacings obtained also from order statistics can
be found in [20], [23] and [24]. It is also worth mentioning
that the nearest neighbor method forms the foundation for a
large class of modern local machine learning algorithms, see
[4], [28], [38] and the references cited therein.

IV. C ONVERGENCE
In this section we show that the estimate m(u)
b
in (10) is
consistent with respect to various distances. This includes the
pointwise convergence as well as the consistency in the L∞
(uniform), L1 and L2 norms. We begin with the pointwise
consistency.
Theorem 1: If

(16)

m(u)
b
→ m(u) as n → ∞ in probability

(17)

at every point u belonging to S - the support of f (·) at which
m(·) is continuous.
P∞ Proof: In the system, Yn = m(Un ) + ψn + Zn with ψn =
i=1 λi m(Un−i ). Hence, Y[i] = m(U(i) ) + ψ[i] + Z[i] , where
ψ[i] and Z[i] are paired with U(i) . Therefore
m(u)
b
− m(u) = Φn (u) + Ψn + Ωn
with
Φn (u) =

kn

1 X
m(U(i) ) − m(u) ,
kn i=1

(18)

(19)

Pkn
Pkn
Ψn = (1/kn ) i=1
ψ[i] , and Ωn = (1/kn ) i=1
ε[i] . Clearly
EΩn = 0 and var[Ωn ] = σε2 /kn . Hence EΩ2n = σε2 /kn .
Passing to Ψn , we write EΨ2n = var[Ψn ] = An + Bn with
kn
kn
1 X
1 X
var[ψ
]
=
var[ψi ]
[i]
kn2 i=1
kn2 i=1

∞
X
1
=
var [m(U )]
λ2i
kn
i=1

and

(12)
Bn =

where γ = cov(m(U ), U ).
Next, using the assumption that λ0 = 1 we can write

kn
kn
X


1 X
cov ψ[i] , ψ[j]
2
kn i=1
j=1,j6=i

(13)

where we assume that γ 6= 0. The identity in (13) allows us
to define a consistent correlation type estimate of λk that is
entirely independent on the identification algorithm used for
the nonlinear subsystem. Hence, we have
b
b k = θk ,
λ
θb0

kn
→ 0 as n → ∞,
n

An =

Although, the main goal of this paper is the problem of
recovering the system nonlinearity, let us shortly discuss the
issue of the linear subsystem identification. Owing to (7) and
the fact that the input signal is iid we can obtain

cov(Yn+k , Un )
,
λk =
cov(Yn , Un )

(15)

then

B. Linear System Identification

cov(Yn+k , Un ) = γλk ,

kn → ∞ as n → ∞,

=

1
kn2

kn
X

kn
X


E ψ[i] ψ[j] .

i=1 j=1,j6=i


To evaluate Bn let us consider for i 6= j the term E ψ[i] ψ[j] .
Hence,
n
n
X
X

E ψ[i] ψ[j] =
E{ψ[i] ψ[j] |U(i) came p-th,
p=1 q=1,q6=p

(14)

Pn−k
where θbk = n−1 j=1 (Yj+k −Y )(Uj −U ). Here Y and U are
the average values of the output and input signals, respectively.
Since the output process {Yn } is stationary and ergodic we
bk → λk in probability, as n → ∞. Furcan easily argue that λ
ther properties of the correlation based and other identification
algorithms for recovering the linear part of the Hammerstein
system can be found in [24], [18].

U(j) came q-th}

× P U(i) came p-th, U(j) came q-th
n
n
X
X
1
=
E {ψp ψq } .
n(n − 1) p=1
q=1,q6=p

The last formula results from the fact that the joint probability of the ranks of U(i) and U(j) , i.e., their positions
in the ordered data in (9) is equal to 1/(n(n − 1)), i.e.,
P U(i) came p-th, U(j) came q-th = 1/(n(n − 1)). Next,
let us note that for q ≥ p we have
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E{ψp ψq } = var [m(U )]

∞
X

λi λi+q−p .

i=1

Denoting the right-hand-side of the above formula by ρ(q − p)
we observe that

n−1
n
n−1
X X
X
l
ρ(q − p) = n
1−
ρ(l).
n
p=1 q=p+1

at both points because the kernel estimate requires pointwise
continuity of f (·), while the orthogonal series method needs
more than differentiability, not mentioning the fact that f (·)
should be positive at the point of estimation of m(·), see
[24]. This example demonstrates an important advantage of
the nearest neighbor estimate.
Corollary 1: Let m(·) be bounded in the support of f (·). If
(15) and (16) hold, then

l=1

This and the fact that
n
n
n−1
n
X
X
X X
E {ψp ψq } = 2
E {ψp ψq }
p=1 q=1,q6=p

p=1 q=p+1

readily imply that


E ψ[i] ψ[j]


n−1 
l
2 X
1−
ρ(l)
=
n−1
n
l=1

and consequently that
∞


|E ψ[i] ψ[j] | ≤

2 X
|ρ(l)|.
n−1
l=1

Next let us note that
∞
∞ X
∞
X
X
|ρ(l)| ≤ var [m(U )]
|λi λi+l |

5

2

E (m(u)
b
− m(u)) → 0 as n → ∞
at every point u ∈ S - the support of f (·) at which m(·) is
continuous.
Proof: Recalling Lebesgue’s dominated convergence theorem it suffices to notice that |Φn (u)| ≤ 2M .
In applications of the Hammerstein system to control engineering [18] one needs to evaluate accuracy of the nonlinearity
estimation in terms of the sup-norm. The following theorem
establishes such consistency under the global Lipschitz condition and slightly stronger requirements for the sequence kn
than those in (15) and (16).
Theorem 2: Let
δ ≤ f (u),
some δ > 0, for all u ∈ S. Let, moreover,
|m(u) − m(v)| ≤ α|u − v|,

(21)

l=1 i=1

l=1

= var [m(U )]

∞
X

some α > 0, for all u, v ∈ S. If (15) holds and

!2
|λi |

.

kn log n
→ 0 as n → ∞,
n

i=1

This, due to the assumption in (3), implies that Bn = O(1/n).
This yields
E{Ψ2n } = d0 /kn + O(1/n),
P∞
where d0 = var [m(U )] i=1 λ2i . Finally we obtain,
var[Ψn + Ωn ] = d1 /kn + O(1/n),
(20)
P
∞
where d1 = σε2 + var [m(U )] i=1 λ2i .
Next by virtue of Lemma 1 in Appendix A and the condition
in (16) we find that U(kn ) − u → 0 as n → ∞ in probability
at every point u belonging to the support of f (·). Assuming,
moreover, that m(·) is continuous at the point u, we conclude
that, for i = 1, . . . , kn , m(U(i) ) → m(u) as n → ∞ in
probability. Consequently, if (16) holds then Φn (u) → 0 as
n → ∞ in probability which completes the proof.
Remark 1: If (15) and (16) hold, then m(u)
b
→ 0 as n → ∞
in probability at every point u outside the support of f (·).
Remark 2: To satisfy (15) and (16), one can select kn =
cnα , c > 0, with 0 < α < 1.
Theorem 1 says that, whatever the density f (·), the algorithm converges at every continuity point of m(·) belonging to
the support of f (·). To have a closer look, we assume that m(·)
is continuous and that f (u) is defined as f (u) = (1/2)1(−1 ≤
u ≤ 0) + (1 − u)1(0 < u ≤ 1). Since the interval [−1, 1] is
the support of f (·), the algorithm converges at every point
u ∈ [−1, 1], in particular at points u = 0 and u = 1, despite
the fact that f (·) is not continuous at u = 0 and is equal
zero at u = 1. Kernel and orthogonal series algorithms fail

(22)

then
sup |m(u)
b
− m(u)| → 0 as n → ∞ in probability.

u∈S

Proof: Inspecting the proof of Theorem 1, we conclude
that it suffices to show that
sup |Φn (u)| → 0 as n → ∞ in probability,
u∈S

with Φn (u) as in (19). Obviously due to (21)
kn
kn Z U(i)
α X
α X
U(i) − u ≤
|Φn (u)| ≤
f (v)dv .
kn i=1
kn δ i=1 u
To find an appropriate upper bound for the integral in the above
expression, we denote ξi = Ui , i = 1, . . . , n, and arrange ξi ’s
in the increasing order. In this way, we obtain a sequence
ξ(1) , ξ(2) , . . . , ξ(n) such that ξ(1) < ξ(2) < · · · < ξ(n) . Hence,
the sequence ξ(1) , ξ(2) , . . . , ξ(n) represents the order statistics
of the original input data U1 , . . . , Un . Let, moreover, ξ(0) =
inf u∈S u and ξ(n+1) = supu∈S u. Let us denote
Z ξ(i+1)
Di =
f (v)dv.
ξ(i)

It should be noted that the sequence {Di } represents the uniform spacings, i.e., the gaps between the ordered uniform random variables defined on [0, 1]. Let also Dn = max0≤i≤n Di
be the maximal gap or the largest uniform spacing, see [54],
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[9], [46] for the basic theory of spacings. In this way, we
obtain the desired bound
Z U(i)
f (v)dv ≤ kn Dn
u

owing to which we can write
sup |Φn (u)| ≤
u∈S

α
kn Dn .
δ

(23)

In [48], see also [12], we find
nDn − log n = O (log log n) as n → ∞ almost surely.
This readily implies that
n
Dn → 1 as n → ∞ almost surely
log n
and consequently
n
k n Dn
→ 1 as n → ∞ almost surely.
kn log n
This fact along with the bound in (23) and the condition in
(22) allow us to complete the proof.
We shall now examine further global properties of our
algorithm measured in terms of the L1 and L2 norms.
Theorem 3: Let m(·) be bounded in the support of f (·). If
(15) and (16) hold, then
Z ∞
|m(u)
b
− m(u)| f (u)du → 0 as n → ∞
−∞

in probability.
Proof: Going through the proof
of Theorem 1, we conR∞
clude that it suffices to verify that −∞ |Φn (u)| f (u)du → 0
as n → ∞ in probability, i.e., that
kn Z ∞
1 X
m(U(i) ) − m(u) f (u)du → 0 as n → ∞
kn i=1 −∞
in probability. It is clear that, for i = 1, 2, . . . , kn ,
Z ∞
m(U(i) ) − m(u) f (u)du
−∞
Z ∞
≤ sup
|m(u − v) − m(u)| f (u)du
|v|≤r(i)

≤

−∞
Z ∞

|m(u − v) − m(u)| f (u)du

sup
|v|≤r(kn )

−∞

which, by virtue of Lemma 4 in Appendix B converges to zero
as n → ∞ in probability, where r(k) = |U(k) − u|. In fact,
due to Lemma 1 in Appendix A, r(kn ) → 0 as n → ∞ in
probability.
Invoking Lebesgue’s dominated convergence theorem, we
get
Corollary 2: Let m(·) be bounded in the support of f (·). If
(15) and (16) hold, then
Z ∞
2
E
(m(u)
b
− m(u)) f (u)du → 0 as n → ∞.
−∞

Notice that Theorems 1, 2 and 3 as well as Corollaries 1 and
2 hold for any probability density f (·). In turn, m(·) is also
of any form in Theorem 1 while bounded in Theorem 3 and

Corollaries 1 and 2. On the other hand, Theorem 2 imposes
the Lipschitz condition on m(·) over the whole support S of
the input density f (·). It is possible to extend this result to the
case when the Lipschitz condition holds only over a compact
subset of S. This would give the localized version of the result
in Theorem 2.
V. C ONVERGENCE RATE
In order to evaluate the rate of convergence of our estimate
m(·)
b
we need some mild smoothness condition on the system
nonlinearity m(·). Hence, let us fix u ∈ S and assume that
f (·) is bounded from zero in the neighborhood of u, i.e., that
f (v) > δ, some δ > 0, for all v ∈ A, where A = [u−a, u+a]
with some a > 0. Observe that u can be a discontinuity point
of f (·).
Moreover, let us assume that m(·) satisfies the local Lipschitz condition at the point u, i.e.,
|m(v) − m(u)| ≤ α |v − u|

(24)

for some α, for all v in some neighborhood of u. With no
loss of generality, let A be the neighborhood. In addition, we
assume that m(·) is bounded in the support of f (·). Owing to
the decomposition in (18) and the asymptotic behavior of the
estimate variance established in (20) it suffices to evaluate the
term Φn (u) in (18) that controls the estimate bias.
Hence, we have


E{Φ2n (u)} = E Φ2n (u)|U(kn ) ∈ A P U(kn ) ∈ A
 2

+ E Φn (u)|U(kn ) ∈
/ A P U(kn ) ∈
/A
 2
≤ E Φn (u)|U(kn ) ∈ A


+ E Φ2n (u)|U(kn ) ∈
/ A P U(kn ) ∈
/A .
Suppose that U(kn ) ∈ A. In such a case
kn
kn
α X
α X
U(i) − u =
r(i)
kn i=1
kn i=1
α
≤ αr(kn ) ≤
B(kn ).
2δ
R u+r(k )
This is due to the fact that r(kn ) = (1/2) u−r(knn) dv ≤
(1/2δ)B(kn ), where r(kn ) and B(kn ) are defined in (40)
and (39) in Appendix A, respectively. Applying (41) from
Appendix A, we find
 2

α2 kn
E Φ2n (u)|U(kn ) ∈ A = 2
+ O(n−1 ).
(25)
4δ
n

|Φn (u)| ≤

In turn,
employing Lemma 2 from Appendix A, we

get P U(kn ) ∈
/A
≤ 2 exp (−βn) with some β >
0,  provided that n is large enough. Observing that
E Φ2n (u)|U(kn ) ∈
/ A ≤ 4M 2 and using (25) we obtain
 2
α 2 kn
E{Φ2n (u)} = 2
+ O(n−1 ).
(26)
4δ
n
Next, inspecting the proof of Theorem 1, see (20), we can
write
 2
d1
kn
2
E(m(u)
b
− m(u)) =
+ d2
+ O(n−1 ), (27)
kn
n
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where
d1 = σε2 + var [m(U )]

∞
X

2

λ2i and d2 =

i=1

α
.
4δ 2

(28)

All these considerations yield the following result on the pointwise convergence rate of the kn -nearest neighbor estimate for
identification of the nonlinearity in the Hammerstein system.
Theorem 4: Let m(·) satisfy the local Lipschitz condition
in (24). Then, by selecting
kn∗ = cn2/3 ,

(29)

for some c > 0, we obtain
E(m(u)
b
− m(u))2 = O(n−2/3 ).

(30)

agrees with the optimal rate established in [50]. We shall now
show that the rate in (30) is in fact optimal, i.e., it cannot be
improved for all nonlinearities satisfying (24). In order to do
so we choose a specific form of the Hammerstein system and
prove that the rate O(n−2/3 ) must hold.
Hence, suppose that {λn } = {1, 0, 0, . . .}. In addition,
suppose that {Un } is distributed uniformly over the interval
[−d, d], i.e., that f (u) = (2d)−1 1(|u| ≤ d). Let, moreover,
m(u) = α|u|, α > 0. Now, E{Yn |Un = u} = m(u) and
m(u)
b
− m(u) = Φn (u) + Ωn , see the proof of Theorem 1.
This yields E(m(u)
b
− m(u))2 = E{Φ2n (u)} + σε2 /kn . Let
u∗ = 0. Clearly,
kn
kn
α X
α X
U(i) − u∗ =
r(i)
kn i=1
kn i=1
kn Z u∗ +r(i)
kn
αd X
αd X
f (v)dv =
B(i),
=
kn i=1 u∗ −r(i)
kn i=1

Φn (u∗ ) =

It is worth noting that due to (27) the constant c in (29) can
be specified as
1/3

d1
(31)
c=
2d2
with the corresponding asymptotic mean squared error of order
3(d21 d2 /4)1/3 n−2/3 , where d1 , d2 are defined in (28). The
form of the constant c in (31) reveals that the asymptotical
optimal kn∗ increases with the noise variance and thePmemory
∞
length of the linear system represented by the sum i=1 λ2i .
By virtue of Lebesgue’s dominated convergence theorem,
for f (·) bounded from zero and m(·) bounded and Lipschitz
on the whole support of f (·), and the result in (30) we obtain
the rate for the mean integrated squared error
Z ∞
E
(m(u)
b
− m(u))2 f (u)du = O(n−2/3 ).
−∞

Let us now turn into the uniform rate of convergence. From
the proof of Theorem 2, see (23), we have that


kn
log n .
sup |Φn (u)| = OP
n
u∈S
This combined with (20) yields




1
kn
sup |m(u)
b
− m(u)| = OP √
log n .
+ OP
n
kn
u∈S
The resulting uniform rate of convergence is given in the
following theorem.
Theorem 5: Let m(·) satisfy the global Lipschitz condition
in (21). Then, by selecting
kn∗ = c

n2/3
log2/3 n

,

(32)

u∈S

where B(i) and r(i) are as in (39) and (40) in Appendix A
with u replaced by u∗ . Hence, in order
E(m(u
b ∗ )−
Pknto evaluate
∗ 2
2
m(u )) we need to consider E{ i=1 B(i)} . First let us
note that
)2
(k
kn
n
X
X
E{B 2 (i)}
B(i)
=
E
i=1
kX
n −1

i=1

+2

kn
X

E{B(i)B(j)}.

i=1 j=i+1

By this, the identities (41) and (42) in Appendix A and the
following elementary facts
kn
X

i(i + 1) =

i=1
kX
n −1

kn
X

i=1 j=i+1

i(j + 1) =

1
kn (kn + 1)(kn + 2),
3
1
(kn − 1)kn (kn + 1)(kn + 2),
8

we can evaluate E{Φ2n (u∗ )}. Hence, we obtain
E(m(u
b ∗ ) − m(u∗ ))2
(kn + 1)(kn + 2) (3kn + 1)
1
= α 2 d2
+ σε2 .
12kn (n + 1)(n + 2)
kn

(34)

Thus, in order to find kn minimizing the error, we have to
know α, d as well as σε2 which are all assumed unknown.
Nevertheless, selecting kn as in (29), i.e., kn = cn2/3 we get
n2/3 E(m(u
b ∗ ) − m(u∗ ))2 → γ as n → ∞,

for some c > 0, we obtain
sup |m(u)
b
− m(u)| = OP

7

log1/3 n
n1/3

!
.

(33)

Thus, the uniform rate in (33) is slower than the pointwise
and L2 rates but merely by the logarithmic factor log2/3 n.
On the other hand, the asymptotically optimal kn in (32) is
slightly smaller than the one in (29).
The result in (30) gives the the upper bound on the mean
squared error at the point u where m(u) meets the local
Lipschitz condition in (24). Nevertheless, the rate in (30)

where γ = (αdc)2 /4 + σε2 /c is a strictly positive constant.
Combining this necessary result with the sufficient one
established in Theorem 4 we have the following result for
the optimality of the obtained rate of convergence.
Theorem 6: Let m(·) satisfy the condition in (24). If
kn = cn2/3 , then O(n−2/3 ) is the optimal pointwise rate
convergence in the mean squared error sense.
It is worth noting that the optimal rate is independent of
the shape of f (·). It is obvious that the choice in (29) is
optimal in the asymptotic sense. All that is an important

8
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for larger values of n. In turn, the minimal (with respect to
k) MISE versus n is presented in Fig. 4. The error gets small
rather fast. In fact, the error for n = 1280 is more than 8
times smaller than the error for n = 40. The optimal k, i.e.,
the optimal number of nearest neighbors, varies from 3 to 20
for n between 40 and 1280, respectively.
In practice, one would like to specify k directly from the
observed data set in (4). To do so, we can apply the classical
cross-validation strategy that selects k as the minimizer of the
following criterion
n

CV (k) =
Fig. 2. The nonlinear characteristic m(·) with multiple jump points.

advantage over kernel and orthogonal series algorithms, since
results concerning their convergence rate demand some kind
of smoothness of both f (·) and m(·), e.g., differentiability, see
[24]. Besides, from (34), it follows that the assumptions in (15)
and (16) are not only sufficient, but also necessary for the mean
squared convergence. This complements the characterization
of (15) and (16) given in [13] in the case of iid data, see also
[6].
Thus far, we have examined the convergence rate of m(u)
b
under the local Lipschitz condition implying the continuity
of m(u) at u. It is an interesting option to consider the
convergence rate under the bounded variation assumption that
allows discontinuities in m(·). We conjecture that the rate
O(n−2/3 ) still holds as it is known that the mean squared
error of estimating the size of discontinuity in nonparametric
regression is of the order O(n−2/3 ), see [25] for such results
in the case of iid data. The another extension of the practical importance would attempt to establish the limit law for
m(u)
b
− E m(u)
b
at u ∈ S. Such a result would be useful
for employing the estimate m(u)
b
for nonparametric testing a
hypothesis on the restricted shape of the Hammerstein system
nonlinearity such as monotonicity or its parametric form. We
refer to [45] for some preliminary results into this direction,
where a nonparametric test for correct parametric specification
of the nonlinearity was proposed. The limit law for the nearest
neighbor regression estimate in the noiseless iid case has been
established in [6].
VI. S IMULATION E XAMPLES
In the first numerical example, the nonlinear characteristic
m(·) shown in Fig. 2 has a number of discontinuity points
which makes the examined algorithm in (10) converge slowly.
The dynamic subsystem is described by the following equation: Wn = aWn−1 + Vn , with a = 0.5, where Vn = m(Un ).
Since λn = an , λ0 = 1, therefore the algorithm recovers
m(u). The input signal is distributed uniformly on the interval
[−1, 1], disturbance has a normal distribution with variance
0.2.
R1
The global error defined as MISE = E −1 (m(u)
b
−
m(u))2 f (u)du has been calculated empirically. The error
versus k, where k plays the role of kn , is shown in Fig. 3.
Notice that the larger n, the less sensitivity of the error to not
optimal choice of k. Hence, the optimal choice of kn is easier

1X
2
(Yi − m
b −i (Ui )) ,
n i=1

where m
b −i (u) is the leave-one-out version of m(u),
b
i.e.,
m
b −i (u) is the version of m(u)
b
where the observation (Ui , Yi )
is left out in constructing m(u).
b
This is a reasonable method
with some optimality conditions as it was proved in [36]. This
is true as long as we have the iid data set which is not the case
in our set-up. For dependent data the cross-validation needs
to be modified and some kind of leave-(2s + 1)-out version
should be used. The choice of s depends on the memory of the
dynamic subsystem. The value s = 0 corresponds to the iid
case. This strategy was examined so far only in the classical
density estimation situation using the kernel estimate [29]. The
issue of the data-driven choice of k in the context of nonlinear
dynamic system identification is postponed to future research.

Fig. 3. 100×MISE versus k.

In the second experiment we wish to verify our asymptotic
results on the invariance of the nearest neighbor estimate on
the shape of the input density. In particular, the issue of the
estimate adaptivity to the sparsity of data is to be exhibited.
For the comparison studies we consider the classical kernel
estimate defined in (11). The kernel estimate is a smooth
estimate and to have a fair comparison we modify our nearest
neighbor estimate to the following distance weighted form


kn
X
u − U(i)
Y[i] K
r(kn )
m(u)
b
= i=1k

 ,
n
X
u − U(i)
K
r(kn )
i=1
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Fig. 4. 100×MISE versus n.

Fig. 5. Input density f (u; θ).

where r(kn ) is the distance from u to its kn th nearest neighbor.
We choose the Epanechnikov kernel K(u) = 43 (1−u2 )1(|u| ≤
1) and the linear system identical as in the first experiment
with a = 0.5.
The input density is of the form
 


1
1
− θ 1 |u| ≤
f (u; θ) =
2
2

 

1
1
+
+θ 1
< |u| ≤ 1 ,
2
2
where 0 ≤ θ ≤ 1/2, see Fig. 5. This class of densities
can model a number of the sparsity situations regarding the
distribution of input data points over the interval [−1, 1]. In
fact, the case θ = 0 corresponds to the uniform density on
[−1, 1]. The extreme case θ = 1/2 gives the input density
that has no probability mass within the interval [−1/2, 1/2].
Hence, the value of θ close to 1/2 reflects the case of a
very sparse input data set over the compact subset of the
support of the input density. Assuming the system nonlinearity
m(u) = 3 sin(πu) we plot the mean squared pointwise error
(MSE) versus θ ranging from θ = 0 to θ = 0.45. The
error is evaluated at the 100 equally spaced points over the
interval [−1, 1]. Fig. 6 plots the error for both the kernel and
nearest neighbor estimates. The global values of smoothing
parameters h and k were selected as the minimizers of the
MISE for the sample size n = 200. The advantage of the
nearest neighbor estimate over the kernel method for larger
values of θ is apparent. Fig. 7 gives the plots of the both
estimates corresponding to the highly sparse input data with
θ = 0.375.

In this paper we have shown that the nearest neighbor
estimate can be successfully applied to recover the nonlinearity
in Hammerstein systems. It converges in local as well as global
sense. The latter is measured in terms of the L∞ , L1 and L2
risks. Its advantage is that, whatever f (·), it converges at every
continuity point of m(·) belonging to the support of f (·), not
only at points at which both f (·) and m(·) are continuous or
differentiable which is the case with other nonparametric algorithms. Moreover, the pointwise and global convergence rates
are independent of the shape of f (·). The nearest neighbor
algorithm has yet another useful property, i.e., it is invariant
for data scaling. In fact, let Tn denote the training sequence
in (4) and let Tnα = {(αU1 , Y1 ), (αU2 , Y2 ), . . . , (αUn , Yn )},
for α 6= 0, be the transformed data set. Let also m(u;
b
Tn )
and m(u;
b
Tnα ) denote the nearest neighbor estimates based
on Tn and Tnα , respectively. Then, it is clear that we have
m(αu;
b
Tnα ) = m(u;
b
Tn ). This invariance property is not shared
by both kernel and orthogonal series regression estimates. The
invariant properties of the k−NN regression estimate has been
thoroughly examined recently in [5].
The input signal in this paper was assumed to be iid with
an arbitrary (unknown) density function. If the input {Un }
is a dependent stationary process, then we can argue that
the fundamental relationship between the regression function
E{Yn |Un = u} and the system nonlinearity m(u) established
in (8) takes now the following integral equation form
Z ∞
E{Yn |Un = u} = m(u) +
L(v, u)m(v)dv,
(35)
−∞

P∞
where L(v, u) = i=1 λi fi (v|u) with fi (v|u) being the conditional density of Ui on U0 . Hence, the system nonlinearity
is related to the regression function through a linear Fredholm
integral equation of the second kind, see [42] for some recent
studies of solutions of such equations for noisy data.
Concerning the linear subsystem identification let us note
that the counterpart of the identity in (12) reads as
cov[Yn+k , Un ] =

∞
X

λj cov[m(Uk−j ), U0 ].

(36)

j=0

Assuming additionally that the input is a stationary Gaussian
process we can evaluate both the conditional density fi (v|u) as
well as cov[m(Uk−j ), U0 ]. The latter, due to Bussgang identity,
see [43] and also [24], can be rewritten as
cov[m(Uk−j ), U0 ] = E{m(1) (U0 )}cov[Uk−j , U0 ],

(37)

where m(1) (u) is the derivative of m(u) assumed to exist.
The identities in (36) and (37) allow us to write the following
convolution equation for the impulse response function {λj }
in terms of the covariance functions RY U (k) = cov[Yn+k , Un ]
and RU U (k) = cov[Uk , U0 ].
RY U (k) = κ

∞
X

λj RU U (k − j),

(38)

j=0

where κ = E{m(1) (U0 )}. The formulas established in (35)
and (38) would provide a starting point for investigating the
problem of identification of the Hammerstein system under
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random sequence U1 , U2 , . . . , Un , we have that the random
variable
Z
u+r(k)

f (v)dv,

B(k) =

(39)

u−r(k)

where
r(k) = U(k) − u ,

(40)

with U(k) as defined in (9), has a beta distribution with
parameters k and n − k + 1, see [39] or [54, Chapter 8].
Hence
k(k + 1)
EB 2 (k) =
.
(41)
(n + 1)(n + 2)
0.45

Moreover,
E {B(i)B(j)} =

Fig. 6. 100×MSE versus θ, n = 200.

i(j + 1)
,
(n + 1)(n + 2)

(42)

for 1 ≤ i < j ≤ n, see, e.g., [9] or [2].
Lemma 1: If (16) holds, then r(kn ) → 0 as n → ∞ in
probability at every point u belonging to the Rsupport of f (·).
u+ε
Proof: For every u in the support of f (·), u−ε f (v)dv →
0 implies ε → 0. From (16) and (41), it follows that B(kn ) →
0 in probability as n → ∞ which completes the proof.
Lemma 2: Let A = [u − a, u + a],some a > 0, and let
P {U ∈ A} > 0. If (16) holds, then P U(kn ) ∈
/ A ≤ 2e−βn
with some β > 0, for n large enough.
Proof: Let ηi = 1(Ui ∈ A) and denote p = P {Ui ∈
A} = Eηi . Notice that, in view of (16), kn /n < p/2 for n
large enough. Thus,
( n
)
X
P {U(kn ) ∈
/ A} = P
ηi < kn
)
( i=1 n
p
1X
ηi <
≤P
n i=1
2

Fig. 7. The kernel and k-NN estimates of the nonlinearity m(u) = 3 sin(πu)
for θ = 0.375, n = 200.

the dependent input. We leave this issue, however, for future
research.
Let us finally comment on the computational complexity
of the nearest neighbor estimates as it requires operation of
ordering. It has to be performed for each point u separately.
Notice, however, that, for close points, say u1 and u2 , the
distances |U(i) − u1 | and |U(i) − u2 | are also close and this
fact can be taken into account in the process of ordering. To
save computer time, the ordered sequence obtained for u1 can
be used as a starting point in a recursive process of ordering
with respect to u2 . Another idea is to use a series ordered
in a natural way, i.e., from the smallest to the greatest input
observation, as the starting point. A computationally efficient
recursive nearest neighbor regression estimate was studied
in [11]. Only the case of iid data was taken into account.
The all aforementioned issues reveal that the class of k−NN
algorithms is worth further studies.
A PPENDIX A
Next results and lemmas are related to order statistics. It
is known that, whatever the density f (·) of the independent

which equals
( n
)
(
)
n
1X
p
1X
p
P
ηi − p < −
≤P
ηi − p >
n i=1
2
n i=1
2
which, by virtue of Hoeffding’s inequality, see Lemma 3, is
bounded by 2e−βn , β = p2 /2.
The next lemma is due to Hoeffding, see [31].
Lemma 3: Let X1 , . . . , Xn be independent identically distributed random variables such that 0 ≤ Xi ≤ 1 and let
p = EXi . Then, for any positive t,
(
)
n

1X
P
Xi − p > t ≤ 2 exp −2nt2 .
n i=1
A PPENDIX B
The following lemma is of general interest.
Lemma 4: If m(·) is a bounded function in the support of
the probability density function f (·), then
Z ∞
|m(u + h) − m(u)| f (u)du → 0 as |h| → 0.
−∞
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Proof: Clearly,
Z ∞
|m(u + h) − m(u)| f (u)du
−∞
Z ∞
≤
|m(u + h)| |f (u + h) − f (u)| du
Z −∞
∞
|m(u + h)f (u + h) − m(u)f (u)| du
+
−∞

which is bounded by
Z ∞
M
|f (u + h) − f (u)| du
Z−∞
∞
+
|m(u + h)f (u + h) − m(u)f (u)| du.
−∞

Since both f (·) and m(·)f (·) are absolutely integrable functions then by virtue of Lemma 5 we can conclude the proof
of Lemma 4.
In [52, Theorem
R ∞ 8.19] we find
Lemma 5: If −∞ |ϕ(u)|du < ∞, then
Z ∞
|ϕ(u + h) − ϕ(u)| du → 0 as |h| → 0.
−∞
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